A UNIFORM BIJECTION BETWEEN NONNESTING AND 
NONCROSSING PARTITIONS 



DREW ARMSTRONG, CHRISTIAN STUMP, AND HUGH THOMAS 



Abstract. In 2007, D.I. Panyushev defined a remarkable map on the set of 
nonnesting partitions (antichains in the root poset of a finite Weyl group). In 
this paper we identify Panyushev's map with the Kreweras complement on 
the set of noncrossing partitions, and hence construct the first uniform bijec- 
tion between nonnesting and noncrossing partitions. Unfortunately, the proof 
that our construction is well-defined is case-by-case, using a computer in the 
exceptional types. Fortunately, the proof involves new and interesting combi- 
natorics in the classical types. As consequences, we prove several conjectural 
properties of the Panyushev map, and we prove two cyclic sieving phenomena 
conjectured by D. Bessis and V. Reiner. 



1. Introduction 
To begin we will describe the genesis of the paper. 

1.1. Panyushev complementation. Let A C $+ C <I) be a triple of simple roots, 
positive roots, and a crystallographic root system corresponding to a finite Weyl group 

W of rank r. We think of as a poset in the usual way, by setting a < f3 whenever 
/? — a is in the nonnegative span of the simple roots A. This is called the root 
poset. The set of nonnesting partitions NN(VF) is defined to be the set of antichains 
(sets of pairwise-incomparable elements) in $+. This name is based on a pictorial 
presentation of antichains in the classical types. It is well known that the number 
of nonnesting partitions is equal to the Catalan number 

Cat(W^) :=fl^, 

i—l 

where di < 6,2 < ■ ■ ■ < dr — h are the degrees of a fundamental system of polyno- 
mial invariants for W (called the degrees of VF), and where h is the Coxeter number. 
This formula was first conjectured by Postnikov [19, Remark 2] and at least two 
uniform proofs are known [2, 12]. These enumerations were established in some- 
what different contexts; the link to the combinatorics of antichains is supplied in 
both cases by [7]. 

In 2007, Panyushev defined a remarkable map on nonnesting partitions [18]. To 
describe it, we first note than an antichain / C $+ corresponds bijectively to the 
order ideal (/) C $+ that it generates. The Panyushev complement is defined as 
follows. 
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Figure 1. An orbit of the Panyushev complement 



Definition 1.1. Given an antichain of positive roots / C define Pan (7) to be 
the antichain of minimal roots in \ (J). 

For example, Figure 1 displays a single orbit of the Panyushev complement acting 
on the root poset of type A^. The antichain in each picture corresponds to the max- 
imal black dots in the order ideal given by the shaded area. In [18, Conjecture 2.1] 
Panyushev made several conjectures about the Panyushev complementation, which 
have remained open even in type A. Even though Pan can be defined on any poset, 
those conjectures provide strong evidence that the Panyushev complementation be- 
haves in a very special way for root posets, and that it has a particular meaning in 
this case which has not yet been explained. 

Panyushev Conjectures. Let W be a finite Weyl group of rank r, with h its 
Coxeter number, and Pan the Panyushev complement on antichains in the associated 
root poset <f>+. Moreover, let ujq be the unique longest element in W. 

(i) Pan^'* is the identity map on NN(VF), 

(ii) Pan'* acts on NN(H^) by the involution induced by —loq, 

(iii) For any orbit O of the Panyushev complement acting on NN(W), we have 



For example, in type As wc have 2h = 8, and the Panyushev complement has 
three orbits, of sizes 2, 4, and 8 (the one pictured). In type A, ujq acts by ai 
— a„_i where ai denotes the i-th simple root in the linear ordering of the Dynkin 
diagram. It can be easily seen in the pictured orbit, that Pan'' acts by "flipping" 
the root poset (this corresponds to reversing the linear ordering of the Dynkin 
diagram), and that Pa n^'* is the identity map. Moreover, the average number of 
elements in this orbit isi(2-hH-l-h2 + 2-hH-l-h2) = 3/2. 

In this paper we will prove the following. 

Theorem 1.2. The Panyushev Conjectures a,re true. 

However, the proof of this theorem is not the main goal of the paper. Instead, we 
will use the Panyushev complement as inspiration to solve an earlier open problem: 
to find a uniform bijcction between the antichains in and a different sort of 
Catalan object, the noncrossing partitions. We will then use the combinatorics we 
have developed to prove the Panyushev Conjectures. 

1.2. Kreweras complementation. There is also a notion of noncrossing partitions 

for root systems, which we now describe. 

Let T be the set of all reflections in a finite Coxeter group W. Those are given by 
the reflections deflned by the positive roots in a (not necessarily crystallographic) 
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Figure 2. An orbit of the Kreweras map 



finite root system Let c GW he a Coxeter element (i.e., the product of the simple 
reflections S defined by the simple roots in some order). Then the set of noncrossing 
partitions is 

NC(W, c):={w€W: It{w) + It{cw-^) =r]<ZW, 

where r is the rank of W . For a full exposition of this object and its history, sec [1]. 
It turns out that NC(VF, c) is also counted by the Catalan number Ga.i{W), but 
in this case no uniform proof is known (the only proof is case-by-case, using 
a computer for the exceptional types). In this paper wo will (partially) remedy 
the situation by constructing a uniform bijection between antichains in and the 
noncrossing partitions NC(W^, c). It is only a partial remedy because our proof that 
the construction is wcU-dcfincd remains casc-by-casc. 

Our bijection relies on the Panyushev complement and a certain map on non- 
crossing partitions, which we now describe. The type A noncrossing partitions were 
first studied in detail by Kreweras [17], as pictures of "noncrossing partitions" of 
vertices around a circle. He noticed that the planarity of these pictures yields a 
natural automorphism, which we call the Kreweras complement. 

Definition 1.3. Given a noncrossing partition w G NC(W^, c) C W, let Krew{w) := 

cur^. Since the reflection length It is invariant under conjugation it follows that 
Krew(w;) is also in NC(VF", c). 

In type A„_i, the set NC(iy, c) consists of partitions of the vertices {1,2, ... ,n} 
placed around a circle, such that the convex hulls of its equivalence classes are 
nonintcrsccting ("noncrossing"). To describe the classical Kreweras map, we place 
vertices {!', 1, 2', 2, . . . , n', n} around a circle; if tt is a noncrossing partition of 
{1,2,..., n} then Krew(7r) is defined to be the coarsest partition of {1', 2', . • • , n'} 
such that ttU Krew(7r) is noncrossing. For example. Figure 2 shows a single orbit of 
Krew acting on the noncrossing partitions of a square (given by the black vertices). 
Note here that Krew^ rotates the square by 90°. 

For a general root system we have Krew^('u;) = cwc^^; that is, Krew^ is conjuga- 
tion by the Coxeter element. Since any Coxeter element c has order h (indeed this 
is an equivalent definition of the Coxeter number h) we conclude that Krew^'* is 
the identity map. Thus we prove part (i) of the Panyushev conjectures by finding 
a bijection from antichains to noncrossing partitions that sends Pan to Krew. 

1.3. Panyushev complementation = Kreweras complementation. Since no 
uniform bijection currently exists, we will create one, essentially by declaring that 
Pan = Krew. The key observation is the following. 
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Since a Dynkin diagram of finite type is a tree, we may partition the simple 
reflections S into sets S — L Li R such that the elements of L commute pairwise, 
as do the elements of R. Let cl denote the product of the reflections L (in any 
order) and similarly let cn denote the product of the reflections R. Thus, cl and 
cr are involutions in W and c = clCr is a special Coxeter element, called a bipartite 
Coxeter element. 

The data for Pan consists of a choice of simple system A, which from now on we 
will partition as A = AiUA/j; and the data for Krew consists of a Coxeter element, 
which from now on we will assume to be c = ClCr. With this in mind, Panyushev 
observed that his map has two distinguished orbits: one of size h which consists of 
the sets of roots at each rank of the root poset; and one of size 2, namely {Al, Ar}. 
Similarly, the Kreweras map on NC(W, clCh) has two distinguished orbits: one of 
size h consisting of 

Cl, clCrCl, crClCr, cr; 

and one of size 2, namely {1, c}. The attempt to match these orbits was the genesis 
of our Main Theorem. 

To understand its statement, we must first discuss parabolic recursion. Let 
Wj C W denote the parabolic subgroup generated by some subset J C S' of simple 
reflections, and let Aj C ^j" C $+ be the corresponding simple and positive 
roots. Antichains and noncrossing partitions may be restricted to Wj as follows. 
Let / C (()+ be an antichain and define its support supp(/) = (/) n A to be the 
simple roots below it. If supp(/) C J then / is also an antichain in the parabolic 
sub-root system $j . Similarly, the set J induces a unique partition of the diagram 
J = LjURj with Lj C L and Rj C R, and we may discuss the parabolic noncrossing 
partitions 

m{Wj,CLjCR,) c m{w,CLCR). 

With these notions in mind, we state our main theorem. 

Main Theorem. Let S = L U R be a bipartition of the simple reflections with 

corresponding bipartition A = A^ U A/v of the simple roots and bipartite Coxeter 
element c = clCr. Then there exists a (unique) bijection a from nonnesting 
partitions NN(M^) to noncrossing partitions NC(W, c) satisfying the following three 

properties: 

• a{AL) = 1, (initial condition) 

• ao Pan = Krew o a, (Pan = Krew) 

• = (nsei,\supp(J) a|supp(/)(-'')- (parabolic recursion) 

That is, to compute a of an antichain I, let J = supp(/). U J C S then we think 
of / as an antichain in the proper subsystem We compute a\j{I), which is an 
element of 

NC{Wj,CL,,CR,) C Wj, 

and then multiply on the left by the simple i-reflections not in J. As J gets 
smaller, we will reach the initial condition a{ALj) = 1. If J = then we apply 
the map Pan k times until we have supp(Pan /) C S. Finally, we apply a and then 
Krew"'^. That this process works is the content of the theorem. 

Remark 1. The statement of the Main Theorem is uniform. (That is, it is ex- 
pressed purely in terms of root systems.) Unfortunately, we will prove the theorem 
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in a case-by-case way. Fortunately, the proof involves new and interesting combi- 
natorics in the classical types. (Which is new and interesting even in type A.) 

We note that the interaction between the "nonnesting" and "noncrossing" prop- 
erties is a subtle phenomenon, even in type An-i alone (see [8]). There has also 
been earlier progress on the problem for general finite root systems: A. Fink and 
B.I. Giraldo [10] and M. Rubey and the second author [21] have both constructed 
bijections which work for the classical types. These bijections have an advan- 
tage over ours in that they both preserve the "parabolic type" of noncrossing and 
nonnesting partitions. However, our bijection has the advantage of being uniform 
for root systems, as well as proving the Panyushev conjectures and a cyclic sieving 
phenomenon as described in the following section. 

1.4. Cyclic Sieving. The cyclic sieving phenomenon was introduced by V. Reiner, 
D. Stanton, and D. White in [20] as follows: let X be a finite set, let X{q) G Z[q] 
and let Cd = (c) be a cyclic group of order d acting on X. The triple {X,X{q),Cci) 
exhibits the cyclic sieving phenomenon (CSP) if 

[X(g)],=^. = 

k 1 

whore C denotes a primitive d-th root of unity and X" := {x & X : c (x) = x} is 
the fixed-point set of in X. Let 

(1) X{q)=ao + aiq+... + ad-iq'^~^ mod (g'' - 1). 

An equivalent way to define the CSP is to say that equals the number of Q-orbits 
in X whose stabilizer order divides i [20, Proposition 2.1]. 

Bessis and Reiner recently showed that the action of the Coxeter element on non- 
crossing partitions together with a remarkable g-extension of the Catalan numbers 
Cat(H^) exhibits the CSP: define the g-Catalan number 

G.t{W;q) :=n^^^, 

where [k]q = 1 + q + q^ -\ h q''~^ is the usual 5-integer. It is not obvious, but it 

turns out (sec Bcrcst, Etingof, and Ginzburg [4]) that this number is a polynomial 
in q with nonnegative coefficients. In type ^n-i, the formula reduces to the classical 
g-Catalan number of Fiirlinger and Hofbauer [11]. That is, we have 

Cat(A„_i;gr) = 

where [b]^ = [b] \[alb] \ is the Gaussian binomial coefficient and [k\q\ := [l]g[2]g • • ■ [k]q 
is the g-factorial. 

For a Coxeter element c G VF, it follows directly from the definition that the map 
conj(w) = cwc~^ is a permutation of the set NC(M^, c) of noncrossing partitions. In 
classical types, this corresponds to a "rotation" of the pictorial presentation. 

Theorem 1.4 (Bessis and Reiner [6]). The triple (NC(W^), Cat(W; g), (conj)) ex- 
hibits the CSP for any finite Coxeter group W . 

Actually, they proved this result in the greater generality of finite complex re- 
flection groups; we will restrict the current discussion to (crystallographic) finite real 
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reflection groups that is, finite Coxeter groups and finite Weyl groups, respec- 
tively. At the end of their paper, Bessis and Reiner [6] conjectured several other 
examples of cyclic sieving, two of which we will prove in this paper. 

Theorem 1.5. Let W be a finite Coxeter group respectively finite Weyl group. 

(i) The triple (NC(H^), Cat(VF; g), (Krew)) exhibits the CSP. 

(ii) The triple (NN(H^), Cat(I^; g), (Pan)) exhibits the CSP. 

Note that (i) is a generalization of Theorem 1.4 since Krew^ is the same as 
conjugation by the Coxeter element. The type A version of (i) has been proved 
by D. White (see [6]) and independently by C. Heitsch [13]; C. Krattenthaler has 
announced a proof of a more general version for complex reflection groups which 
appeared in the exceptional types in [16]; and will appear for the group G{r,p,n) 
in [15]. In this paper wc; find it convenient to present an independent proof, on 
the way to proving our Main Theorem. Combining (i) and the Main Theorem then 
yields (ii) as a corollary. 

1.5. Outline. The paper is organized as follows. 

In Section 2, we introduce a notion of noncrossing handshake configurations for 
the classical types, and define a bijection (j)w from noncrossing handshake config- 
urations 7w to noncrossing partitions NC(W, c). We establish the cyclic sieving 
phenomenon for noncrossing partitions using these bijections in classical type, and 
via a computer check for the exceptional types. 

In Section 3, we define a bijection tpw from the nonnesting partitions of W to 
Tw in the classical types. Using this, we establish the cyclic sieving phenomenon 
for nonnesting partitions in the classical types, and again via a computer check for 
the exceptional types. 

In Section 4, we show that the bijection from the nonnesting partitions of W 
to 7w in the classical types satisfies a suitable notion of parabolic induction. 

In Section 5, we put together the bijections from sections two and three to 
prove the Main Theorem. The calculations for the exceptional types were done 
using Maple code, which is available from the first author. 

In the final section, Section 6, wc use the combinatorics describing the Panyu- 
shev and the Kreweras complementation to prove the Panyushev conjectures. 

2. The Kreweras CSP for noncrossing partitions 

In this section, we prove Theorem 1.5(i) for every type individually. For type 
An-i, C. Heitsch proved the theorem by connecting noncrossing partitions of type 
An-i to noncrossing set partitions of [n] :={!,..., n} and moreover to noncrossing 
handshake configurations of [2n] and to rooted plane trees. For the classical types, 
we will explore a connection which is related to the construction of C. Heitsch as 
described in Remark 3. 

2.1. Type A. Fix the linear Coxeter element c to be the long cycle (1, 2, . . . ,n). 

Here, linear refers to the fact that it comes from a linear ordering of the Dynkin 
diagram. It is well-known that the set of noncrossing partitions NC„ := NC(A„_i) 
can be identified with the set of noncrossing handshake configurations. The ground 
set consists of 2 copies of [n] colored by and 1 drawn on a circle in the order 
l(°\ l(^\ . . . , n(°\ n^^). A noncrossing handshake configuration is defined to be a 
noncrossing matching of those 2 copies of [n], see Figure 3. As shown in the figure, 
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4(1) • 
4(0) 



Figure 3. The noncrossing handshake configuration T G Te for 
w = (2, 3, 5) and its associated rooted plane tree. 



they are in natural bijection with rooted plane trees. The bijection (pAr^-i '■ Tn 
NC„ is then, for w = ^a,^-i{T), given by 



For a direct description of noncrossing partitions in terms of rooted plane trees see 
e.g. [5, Figure 6]. 

Remark 2. Observe that the described construction does not require the choice 
of the linear Coxeter element. As the Coxeter elements in type are exactly 

the long cycles, one obtains analogous constructions by labelling the vertices of Tn 
by any given long cycle. This corresponds to the natural isomorphism between 
NC(M^, c) and NC(W^, c') given by conjugation sending c to the Coxeter element c'. 
We will make use of this flexibility later on in this paper. 

The following proposition follows immediately from the definition. 

Proposition 2.1. The Kreweras complementation on NC„ can be described in 

terms of Tn by clockwise rotation of all edges by one, or, equivalently, by counter- 
clockwise rotation of all vertex labels by one. I.e., for T &Tn, we have 



Remark 3. One can easily deduce the proposition as well from O. Bernardi's 

description [5, Figure 6] and the definition of the Kreweras complementation of a 
set partition to be its coarsest complementary set partition. C. Heitsch obtains 
analogous results in [13] by directly considering a bijection <f)' between Tn and NC„ 
which is related to the bijection cf) described above by (/>'(w) = (/>(Krew(t«)). 

For more readability, we set Cat„(q') := Cat(^„_i;g), and Cat„ := Cat„(l). 

Theorem 2.2. The triple (NCn, Cat„(g), (Krew)) exhibits the CSP. 

Proof. The theorem follows immediately from [14, Theorem 8]: let d be an integer 
such that d\2n and let C be a primitive d-th root of unity. Then it follows e.g. from 




[iWjW^ G T ^ (i + 1)W) e Krew(T). 
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[9, Lemma 3.2] that Cat„(g) reduces for q — ( to 

Cat„ if d = 1 



(2) 



[Cat„(g)] = 



nCatr 

2n/d 

n/d 




if d = 2 and n odd 

if d > 2, d\n 
otherwise 



In [14, Theorem 8], C. Hcitsch proved that noncrossing handshake configurations 
of 2n which are invariant under a d-fold rotation, i.e., for which Krew^"^''(T) = T, 
are counted by those numbers. □ 

2.2. Types B and C. As the reflection groups of types B and C coincide, the 

notions of noncrossing partitions do as well. Therefore we restrict our attention 
to type C. In this case, we fix the hnear Coxeter element c to be the long cycle 
(1, . . . , n, —1, . . . , — n) and keep in mind that we could replace c by any long cycle 
of analogous form. NC(C„) can be seen as the subset of NC(j42,i-i) containing all 
elements for which i i->- j if and only if —i i->- —j, where n + i and —i are identified. 
Tc„ is defined to be the set of all noncrossing handshake configuration T of [±n] 
for which j*-"-') G T if and only if (— i*^"'^-', — £ T. The Krewcras comple- 
mentation on NC(C„) is again the clockwise rotation of all edges by 1. Observe 
that the symmetry property is expressed in terms of the Kreweras complementation 
by Krew^"(T) = T for T G Tc„- In particular, we sec that the Kreweras map of 
order 4n on Tc^ is never free. By construction, the bijection 0a2„-i • Tin— -^NC2n 
restricts to a bijection 

</'C„ : r(C„)^NC(C„), 
which is compatible with the Kreweras complementation, i.e., 

</.c„(Krew(T)) = Krew(</.c„(T)). 
For the proof of Theorem 1.5(i) in type C, we need the following observation. 

Lemma 2.3. Let di, d2\2n and let d^ ~ \cm{di, ^2}. T G is invariant both under 
di- and d2-fold rotation if and only if T is invariant under ds-fold symmetry. 

Proposition 2.4. The triple (NC(C„), Cat(C„; g), (Krew)) exhibits the CSP. 

The proof in type C is a simple corollary of the proof in type A. 



Proof. The g'-Catalan number Cat(W; q) reduces for W = Cn to 

Cat(C„,9) 



2n 
n 



Let d be an integer such that d|4n and let C be a primitive d-th root of unity. Then 
it follows again from [9, Lemma 3.2] that Cat(C„, g) reduces for q = ( to 



[Cat(C„,g)]^^^ = 



, , I if d even and d\2n 
\2n/dJ ' 

if odd 
otherwise 
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N, -3<') 
3<") 





Figure 4. Four different noncrossing handshake configurations in Tbg. 



Let (i|4n. Then by the previous lemma, the number of elements in Tc„ which are 
invariant under d-fold symmetry, i.e., for which Krew'*"/'^(T) = T, are exactly those 
elements in Tin which are invariant under lcm{d, 2}-fold symmetry. The proposition 
follows. □ 

2.3. Type D. In this case, we fix the linear Coxeter element c to be (1, . . . ,n — 
1, —1, . . . , — n + l)(r?. — n). As in types A and C, the noncrossing handshake con- 
figuration in type D comes from noncrossing set partitions of type D as defined 
in [3] by replacing every point i by the two points i^^^ and together with the 
appropriate restrictions, as described below. 
Define a matching of 

{±l(0),±lW,...,±nW,±nW} 

to be noncrossing of type £>„ if the points {±1^°), il^^), . . . , ±(n-l)(°), ±(n-l)(i)} 
are arranged clockwise on a circle as in type C„_i and the points {±n(°\±n(^)} 
form a small counterclockwise oriented square in the center of the circle, and the 
matching does not cross in this sense. A noncrossing handshake configuration T of 
type Dn is a noncrossing matching T of type _D„, with the additional properties 



that (i(^), G T if and only if (- 



j^^>) e T and that the size of 



M± := 



{(i'^', j^"^) gT : i and j have opposite signs} 



is divisible by 4. See Figure 4 for examples of noncrossing handshake configurations 
of type r>3. 

As in the other types, we keep in mind that we could replace the linear Coxeter 
element by any Coxeter element to obtain labellings for the vertices of a noncrossing 
handshake configuration of type D. 

Define the Krcwcras complementation Krew on D„ by rotating the labels of 
the outer circle counterclockwise and the labels of the inner circle clockwise; more 
precisely, let K{i^^^) := i^^^ and 



(3) 



:= i 



(i - 

(_1)(0) 
1(0) 

(_„)(0) 
„(0) 



if i G [n - 2] 
if iG [-n + 2] 
if i = n — 1 
if i = —n + 1 
if i = n 
if I = — n. 



Then G T if and only if {K{j^°^), K{i^'^^)) G Krew(T). To see this, observe 

that the only outer vertices changing sign are ±(n — l)*-^-*, and the only two inner 
vertices are ±n^^\ Thus, the size of M± for Krew(T) is again divisible by 4. 
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Figure 5. A typical situation in Td„ with 4- fold symmetry for 4 = din. 



As an immediate consequence of the construction in [3], we obtain that the map 

4'Dr, ■ Td„— -^NC(D„) defined in the same way as for NC„ is well-defined and a 
bijection between noncrossing handshake configurations of type _D„ and NC(-D„). 



Proposition 2.5. The bijection : To. 
eras complementation, i.e., for T e Td„, 



>-NC(£>„) is compatible with the Krew- 
<Pz3„(Krew(r)) = Krew(0z)„ (T)). 



Proof. Let G T. This implies that ^(i^i)))) e Krew(r). There- 

fore, by checking the different cases in (3), we obtain (Krew(T))0/3„ (T) = c, 
and moreover, (j)D„ (Krew(r)) = c0d„ (T)"! = Krew(0D„ {T)). □ 

Proposition 2.6. The triple (NC(2:)„), Cat(£>„; g), (Krew)) exhibits the CSP. 
Proof. The g'-Catalan number Cat(£>n; q) is given by 

Let d be an integer such that (i|4(n — 1) and let C be a primitive d-th root of unity. 
Then it follows again from [9, Lemma 3.2] that Cat(-D„, q) reduces for g = to 



"2n - 1 






'2n - 2" 










n 






n 











[Cat(I?„,g)] 



9=C 



Cat(i^„) 
Cat(i^„) 
Cat(C„„i) 
Cat(C„/2) 



if d: 
lid 
if d: 
if d: 



1 

2, n even 
2, n odd 

4, A\n 



Cat(C2(„_i)/d) if c? > 4 even, (i|2(n — 1) 
Cat(C(„_i)/d) if c? > 3 odd 
otherwise 



For d = 1, this is obvious. 

For d = 2, n even, the symmetry property implies that Krew^^"^^-* (T) = T for 
allTeTo^. 

For d = 2, n odd, observe that T € Td^ is invariant under 2-fold symmetry, 
i.e., Krew^(""^^(r) = T if and only if {±n''°\±n^^'>} forms a sub-matching of T. 
Therefore, those are counted by Cat(C„_i). 
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For d ~ 4|n, we want that Krew"~^(T) = T and therefore, {±n'^^\ ±n'^^^} must 
not form a sub-matching of T and we are in a situation as indicated in Figure 5. 
This gives 

|{r e Td„ : Krew"-i(T) = T}\ = 2{n ^ l)Cat(A(„_2)/2) 

4(n -1)/ n-2 \ f n 



n \{n-2)/2J \n/2j 

where the first 2 comes from the 2-fold rotation of the inner square, the n — 1 is 

the number of possible connections between the inner square and the circle, and 
Cat(A(„_2)/2) is the number of noncrossing handshake configurations of the n — 2 
free points on the outer circle. 

For (i > 4 even, d\2{n — 1), wc have again that {±n*^°-', in*^"'^-'} forms a sub- 
matching of T and we have immediately that 

|{r e Td^ : Krew4("-i)/'^(r) = T}\= Cat(C2(„-i)/rf). 

For c? > 3 odd, it follows that (i|n — 1 and the same argument as in the previous 
case applies. 

The only otherwise case which is left is the case rf > 4 even, d | 2(n — 1). In this 
case, we see that 4|d and it follows together with the symmetry property that there 
does not exist a T G 7b„ such that Krew*(""^^/''(T) = T. □ 

2.4. Type hik). For the dihedral groups, we obtain the theorem by straightfor- 
ward computations. Let l2{k) = (a, 6) for two given simple reflections a,b and 
fix the linear Coxeter element c := ab. Then NC(/2(A:)) contains l,c and all k 
reflections contained in l2{k). 

Proposition 2.7. The triple {l^C{l2{k)),Gat{h{k);q), (Krew)) exhibits the CSP. 

Proof. The Kreweras complementation Krew on NC(/2(/c)) has 2 orbits, one is {1, c} 
and the other contains all k reflections. On the other hand, 



Cat(/2(fc);g) = 



[k + 2]g[2k]g 



( {l + q^ + --- + q^)(l + q^) if A; even 

\ l + q^ + ■■■ + q^-^ +q'' + q^+^ + ^ q^^ if fc odd, 

and the proposition follows. □ 

2.5. Exceptional types. For the exceptional Coxeter groups, 

Cat(W'; q) mod {q^^ - 1) 

can be simply computed and by (1), we need to flnd the following orbit lengths, 
where i * j is shorthand for i orbits of length j: 



H3 
Hi 



8*12,1*4,1*3,1*2, 

3 * 10, 1 * 2, 

9*30,1*5,1*3,1*2, 

30 * 24, 8 * 12, 1 * 8, 1 * 4, 1 * 3, 1 * 2, 

230* 18,3*6,1*2, 

832 * 30, 5 * 15, 3 * 10, 2 * 5, 1 * 3, 1 * 2. 
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Figure 6. The nonnesting labels on a noncrossing handshake con- 
figuration in Te- 

Those orbit lengths were verified with a computer; as mentioned above, tlicy can 
be deduced as well from [16]. 

3. The Panyushev CSP for nonnesting partitions 

In this section, we prove Theorem 1.5(ii) for every type individually by providing 
a bijcction between nonnesting partitions and noncrossing handshake configurations 
which maps the Panyushev complementation to the Kreweras complementation. 
We consider the same noncrossing handshake configurations as before, but we use 
a different labelling to refer to the vertices. In type An-i, wc label the vertices 
on the outer circle by . . . ,n^^\n^^\ . . . ,1'^^^ in clockwise order. E.g., the 

noncrossing handshake configuration shown in Figure 3 is relabeled as shown in 
Figure 6. 

3.1. Type A. Let $+ := {{i.j) = - Cj : 1 < i < j < n} he the set of all 
transpositions identified with a set of positive roots for An-i- The root poset 
structure on is given by 

(4) {i,j)<{i',j')^i' <i<j<j', 

see Figure 7(a) for an example. Let / = . . . ,{ik,jk)} G NN(^„_i) such 

that ii < ■ ■ ■ < ik- Observe that (4) implies ji < ■ ■ • < jk as well. Define a map 

V-A^i :NN(A„_i) 

as follows: for 1 < £ < fc, mark the vertex j^"^ with and for i G [n] \ {ii, . . . , ik} 
mark the vertex i^^^ with i. Now, for 1 < i < n, in increasing order, match the 
vertex marked with i with the first non-matched vertex, where first is interpreted 
counterclockwise from the marked vertex if i G {ii, . . . , i^} and clockwise from the 
marked vertex if z ^ {zi, . . . , ik}. For example, for the antichain 

7={(1,2),(4,5),(5,6)}gNN(^5) 

considered in Figure 7(a), we have ^a„_i{I) = T, where T e Te is the noncrossing 
handshake configuration shown in Figures 3 and 6. 

To show that V'a„_i is a bijection, we now define its inverse map V'a„_i • ^ — ^ 
NN(^„_i). Let T eTn. Mark all j'^^^ for which {i^'^\j'^^^) G T with i < j, or 
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Figure 7. (a) An antichain and its image under the Panyushev 
complementation in the root poset of type A^; (b) another an- 
tichain and its image in the root poset of type C3. 

with i = j and (a,/3) — (0, 1). Next, label all marks i^^^ with i, and then label all 
marks i^^^ clockwise with the remaining labels in [n]. The antichain is 
then given by 

V'a„_i(^) = • vertex j^^^ is marked by i}. 

Proposition 3.1. The map ip'^ _^ is well-defined and the inverse o/V'a„_i- In 
particular, tpA„-i '■ NN(A„_i)^^7^ is a bijection. 

Proof. To see that V'a _i well-defined, we have to check that any marked vertex 
j(°^ is marked with some i < j- Assume that j^^^ is marked with j. This implies 
that the set {1^°^ . • . , (i - (j - 1^^^} contains j-1 marked vertices 

and forms therefore a sub-matching - a contradiction to the fact that j, as it is 
marked, is matched to some element in this set. 

As in the process of applying V'a„_i ^^'^ of applying ipA^-i the same vertices get 
marked, V'a„_i '^^ ^^^^ the inverse of t/jAn-i- ^ 

Theorem 3.2. The bijection ipA„-i is compatible with the Panyushev respectively 
the Kreweras complementation. For I e NN(^„_i). we have 

Krew(VM„_i(/)) = VM„_i(Pan(/)). 

To prove this theorem, we first have to understand how the Panyushev comple- 
mentation behaves in type A. Recall that the support supp(/) of some antichain 
I e NN(A„_i) is given by supp(/) := U(i,j)e/{sii • • • . Sj-i}- Next, set 

i = {{'i''i^3i)^---Ai'k^j'k)} ■=I^{{i,i) ■■ Si-i,Si i supp(/)} 
such that i'l < . . . < i'f,, where the dummies sq, s„ are supposed not to be in supp(/). 
The Panyushev complementation is then given by 

Pan(/) = {(i'^- + 1), . . . , (zj, - 1, + 1)} G NN(A„_i). 

Proposition 3.3. Let I be a nonnesting partition. Then Sk ^ supp(/) if and only 
if {i^'^^i^^^ : 1 <i < k} defines a submatching of tpA„-i{I)- ^'"^ particular, 

(iW,i«)e^^„_,(/)^(i,i)e/. 

Proof. The proposition follows directly from the definition. □ 
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Example 3.4. The noncrossing handshake configuration T in Figure 6 is the image 
of / = {(1, 2), (4, 5), (5, 6)} G NN(v45) under ijjA^- The complement of the support 
of / is S'\supp(/) = {s2^ S3}. The submatchings guaranteed by the Proposition are 
those of the form l^^', fc("), fc(i)} for k e {2,3}. 

Proof of Theorem 3.2. As it is easier to see, we describe the analogous statement 
for can be described in terms of 4''a^_^{T) as follows: a 

marked i^'^^ is turned to a marked (j + l)*^"^ (unless i = n when the mark disappears), 
and for a marked we obtain a marked [i — 1)'^' (unless i = 1 when the mark 
disappears). If G T, the marked i^^^ is replaced by a marked {i + 

The theorem follows with Proposition 3.3 and the description of Pan (7) in terms of 



3.2. Types B and C. In contrast to the situation for reflection groups, the notion 
of the root system does not coincide for types B and C. The resulting root posets 
turn out to be isomorphic (as posets) but not equal. Thus, it sufflces to study the 
Panyushev complementation on one of the two. As the connection between the 
root poset of type C„ and the root poset of type ^2^-1 is straightforward, whereas 
there is a little more work to do in type Bn, we will study nonnesting partitions 
of type C„. This corresponds to the fact that the type C„ Dynkin diagram can be 
obtained from the type An-i Dynkin diagram through a "folding process". 

The set of reflections identifled with a set of positive roots in type C„ is given 



$+ := ^ Ci- ej -.1 <i < j <n}LI = e, + ej : 1 < i < j < n}. 

See Figure 7(b) for the root poset of type C3 as an example. 

To understand nonnesting partitions of type C„, observe that an antichain in 
can be identified with a symmetric antichain in the root poset of type A2n-i' 
there is an involution 6 on NN(y4.„_i) by horizontally flipping the root poset of type 
An-i, i.e., replacing the positive root {i, j) by {n+l—j, n+l—i). In other words, 6 
is the induced map coming from the involution on the Dynkin diagram sending one 
linear ordering to the other. Define an antichain / € NN(y4.„_i) to be symmetric if 
it is invariant under this involution. It is well-known that NN(C„) can be seen as 
the set of all antichains A € NN(A2ri-i) which are symmetric. 



Moreover, this identification is compatible with the Panyushev complementation, 



This allows us to study this complementation on nonnesting partitions of type C, 
in terms of symmetric nonnesting partitions of type A^n-x- 

On the other hand, wc have seen above that the bijection (/"Agn-i • T^n — 



Kreweras complementation. 

Lemma 3.5. The involution 6 on I for I G NN(yl„_i) can be described in terms 
of the Kreweras complementation as 



I. 



□ 



by 



NN(C„) ^ {/ e NN(A2„-i) : S{I) = /}. 



6{I) = I ^ (5(Pan(/)) = Pan(/). 




V'A„_.(^(/)) = Krew"(V>A„_,(7)). 



A UNIFORM BIJECTION BETWEEN NN AND NC. 



15 



Proof. For T ^ Tn, have 

(i(«)^j(/3)) ((n + l-j)^'^'\(n+l-i)("'0 G Krew"(r), 

where a, ^ e {0,1} and a'^ (resp. 13") denotes the complement of a (resp. 13) in 
{0, 1}. It is straightforward to check that this observation implies that 

V'l_.(Krew"(V>A„_,(/)))=<5(/). 

□ 

Theorem 3.6. f/'Asn-i restricts to a well-defined bijection tpc„ '■ NN(C„) — > Tc„- 

Proof. The statement of the theorem is equivalent to the statement that 

5{I) = 1^ Krew"(^^,„_,(/)) = Va.„_i(/). 

This follows directly from the previous lemma. □ 

3.3. Type D. Fix the numbering of the Dynkin diagram of type Dn so that n — 2 is 
adjacent to n — 1, n, and n — 3. We consider the involution 5 of this diagram which 
interchanges n and n — 1. It acts on NN(i?„), NC(D„), and 7i„. On 7r)„, it acts 
by rotating the inner four vertices by a half turn. It is convenient to define a new 
type of noncrossing handshake configuration, which we denote Td^/s'- this consists 
of 4n — 4 external vertices, labelled as in a C„_i noncrossing handshake configura- 
tion, such that either all the vertices participate in a 180°-rotationally symmetric 
noncrossing matching (in which case we simply have a C„_i noncrossing hand- 
shake configuration) or else all but four vertices participate in a 180°-rotationally 
symmetric noncrossing matching, while the four remaining vertices are isolated but 
have the property that any two of them could be attached without creating any 
crossings. It is clear that elements of Td^/s correspond to 5-orbits in Td„- 

3.3.1. Defining a m,ap from, NN(D„)/(5 to Td,J5- Note that Krew acts naturally on 
Td„/s, while Pan acts naturally on 5-orbits in NN (£)„). We will begin by showing 
that (J'd^/s, Krew) and (NN(£>„)/(5, Pan) are isomorphic as sets with a cyclic action. 

In this subsection, we will define a cardinality-preserving bijection from (5-orbits 
in NN(£)„) to Td„/5 which we will denote by ^d„/S- (In f^'Ct, for notational conve- 
nience, we will write V'£)„/5 as a map from NN(£'„) to Td„/s which is constant on 
(5-orbits.) We will then show that it is possible to refine V'u„/c5 to a bijection from 
NN(1?„) to r73„. 

Singleton S -orbits in Td„/s- Such an element consists of a type C„_i noncross- 
ing handshake configuration on 4n — 4 external vertices . ., (2n — 2)^'^^ (2n — 
2)W,...lW. 

Singleton 6 -orbits in NN (£)„). Such an element of NN(Z)„) corresponds to a 
single element of NN(i3„_i). We reinterpret this as an element of NN(C„-i), which 
corresponds (as we have already seen) to an element of NN(A2n-3) fixed under the 
involution of the ^2n-3 diagram. 

Map from singleton 5-orbits in NN(D„) to Td„. We define ipD^/s on ^ singleton 
5-orbit by sending the type Am-z antichain to an Am-^ noncrossing handshake 
configuration, using V'A2n-3- 

Now we consider the doubleton 5-orbits. Write H for the 2n — 2 vertices {(n — 

2)^-'^), . . . , 1*^^^ 1^"', . . . , n(°)}, and H'^ for the other 2n — 2 vertices on the boundary. 

Doubleton 6-orbits in Td,,- These correspond to elements of Td„/5 which have 
four vertices of degree zero. 
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Doubleton S-orbits in NN(/?„). Let / be an anticliain in such an orbit. Write / 
for the collection of type A2n-3 roots obtained by taking each root in /, passing first 
to Bn-i, identifying the root poset of with that of C„_i, and then unfolding 

to one or two roots in ^2n-3- Note that I is typically not an antichain. 

Example 3.7. Consider the Dn antichain consisting of a„ + an-2 and an-i- The 
former contributes elements (n— l,n+l) and (n — 2,n), while the latter contributes 

(n — This docs not form an antichain. There will often be two elements in I 

with first co-ordinate n — 1, and two elements with second co-ordinate n. 

Wc also associate to I an antichain in ^a2„-3j defined as follows. Consider 
the elements of / which lie in the square with opposite corners at (1, 2n — 2) and 
(n — 1, n). (We call this square R.) Record the first coordinates of these asii, . . . ,ir, 
and the last as ji , . . . , jr ■ 

Note that ji = j2 and v = V-i are possible (occurring when I is not an 
antichain). Define I by replacing these r elements of I by the r — 1 elements 
{'i'i,j2), (i25 Js), • ■ • . ('r-i,.7r)- (In the case that r = 1, the result is that I D R — 

The map from doubleton 6-orbits in NN(D„) to doubleton 6-orbits in NC(£'„). 
We define several steps. Using Lemma 3.9, below, we know that / € 

NN(C„_i). Therefore, we can consider tpc^-iil) G Tc„-i- Lemma 3.11 below 
guarantees that there arc at least two edges in this diagram which run from vertices 
in H to vertices in ff^. Remove the two such edges which are closest to the center. 
The result is a noncrossing handshake configuration of type 0^/5 as defined above. 
This is ipD„/5{I)- 

3.3.2. Defining ipo ■ We now consider refining tpjj to a map from NN(£)„) to 

Wc use the convention that a type D noncrossing handshake configuration has 
the same outside labels as for type D/S noncrossing handshake configurations, 
with four internal vertices which are numbered by congruence classes modulo 4, 
increasing in counter-clockwise order. We count as "positive" , external vertices 
with label (0), and the internal vertices and 3, and as "negative" , external vertices 
with the label (1) and the internal vertices 1 and 2. In a noncrossing handshake 
configuration, the number of edges that connect a positive vertex to a negative 
vertex must be divisible by 4. 

If a noncrossing handshake configuration T of type Dn/6 has no isolated vertices, 
this requirement means that there is a unique way of completing T to a type _D„ 
configuration, while if T has four isolated vertices, then there are two ways of 
completing T to a type Dn configuration. 

For a, b outer vertices, write d(a, b) for the clockwise distance from a to b. Write 
6/ (a, 6) for the number of vertices in the clockwise interval from a to b, including b 
but not a, and which are not on the clockwise end of an edge in tpjy^ 

For / an antichain in NN(D„) in a doubleton 5-orbit, define s{I) to be if the 
root of / whose image in I is {i,n) with i as small as possible, has a„_i in its 
support; otherwise, set s{I) = 1. 

We now define ij^D^il)- If / is in a singleton (5-orbit, then define ipD„{I) to be 
i^Dr./sil) together with edges connecting the internal vertices in the unique possible 
way. 
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If / is in a doublcton (5-orbit, define ipD„iI) by starting with ipjj^/s{I) and, for 
each singleton external vertex v, attach it to the internal vertex whose number is 
given by: n — d(v, (n — 

Example 3.8. For the root poset of type -D3 with simple roots 

Oil = ei - e2, 0.2 = (32 - 63, as = 62 + ea, 

the four antichains 0, {ai, a2, as}, {0:2}, {ai, as} are mapped by V£>„ to the four 
noncrossing handshake configurations in Tbg shown in Figure 4 from left to right. 

3.3.3. Proof that V'd„ is well-defined and is a bijection. There are several lemmas 
which must be established to show that the definition given above makes sense, and 
yields a bijection. 

Lemma 3.9. / is in N'N{A2n-3)- Further, the map from I to I is infective, and 
its image consists of all the antichains in NN(C„_i) (thought of as a subset of 
NN(A2„_3)j except those containing {n — l,n). 

Proof. The inverse map is clear, since v must be n and ji must be n — 1. This 
inverse map can be applied to any antichain in NN(C„_i) except those containing 
(n-l,n). □ 

Now, since / is in NN(C„_i), its image under the bijection f/'Aan-s is a type C„_i 
noncrossing handshake configuration. The following lemma is useful. 

Lemma 3.10. The image ofipCn-i applied to antichains with no roots in R, con- 
sists exactly of those type C„_i noncrossing handshake configurations with no edges 
from, {{n — lY'^\ . . . , . . . , (n — l)^"'} to the other vertices. 

Proof. The first n — 1 edges in the noncrossing handshake configuration will all 
connect vertices in {(n — . . . , . . , (n — 1)^°^}, which uses up all those 

vertices. □ 

Lemma 3.11. The image ofiJjc„_i applied to I for I £ NN(_D„), consists of exactly 
those type C„_i noncrossing handshake configurations with the property that there 
is at least one edge (and therefore at least two edges) from H to H'^. 

Proof. We have already shown that as I runs through NN(D„), we have that I 
runs through those antichains in NN(C„_i) not containing (n — l,n). The image 
under Pan~^ of type C„_i antichains not containing (n — 1, n) is exactly the C„_i 
antichains whose intersection with R is non-empty. Now apply Lemma 3.10 to 
Pan" ^(7), together with the fact that Krew o tpCn-i = V'c„_i o Pan. □ 

We now have the pieces in place to establish the following proposition: 

Proposition 3.12. The map ipDn/s is 0. bijection from NN(£'„/5) to Td^/s- 

Proof. It is clear that iIjd„/s takes singleton S orbits in NN(£'„) bijectively to the 
noncrossing handshake configurations in Td^/s which contain no isolated vertices. 
It is also clear that i^o^/s is an injection from doubleton orbits in NN(£)„) into the 
Td^/s noncrossing handshake configurations with four isolated vertices. Finally, 
given such a diagram, there is a unique way to reattach the isolated vertices to 
obtain a Tc„_i noncrossing handshake configuration such that the reattached edges 
cross from H to H''. It follows that V'r>„/5 is a bijection. □ 
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We now proceed to show that V'Dn , as defined above, is a bij action from NN(£)„) 
to Td„. To begin with, we need the fohowing lemma which gives a condition 
equivalent to the parity condition on the number of edges in a type £>„ noncrossing 
handshake configuration which connect positive and negative vertices. 

Lemma 3.13. The condition that the number of edges joining a positive vertex to 
a negative vertex be divisible by four, is equivalent to the condition that a positive, 
even-numbered singleton vertex must be connected to an internal vertex of odd par- 
ity, and similarly for the other possible choices of singleton vertex, where changing 
either "positive" or "even-numbered" reverses the parity of the internal vertex. 

We are now ready to prove that Vr>„ is a bijection. 

Lemma 3.14. is a bijection from NN(Z)„) to 7d„. 

Proof. Wc must show that if v and v' are singleton vertices in ijj]j^fs{l), such that 
the next singleton vertex after v in counter-clockwise order is v', then the vertex to 
which v' is attached is one step counter-clockwise from that to which v is attached. 
Wc evaluate — (n — l)*^"^) + (n — l)*^"^) = —d{v',v) by counting the vertices 
between v' and v (including v but not v'). Each edge on the outer rim between v and 
v' contributes —2 to —d{v',v) (one for each of its endpoints), and also contributes 
2 to 2ei{v', (n - - 2e/(w, (n - = 2ei{v' , v). The only other contribution 

to 2ei{v' , v) is an additional 2 coming from the vertex v, and also —d{v', v) has an 
additional —1 coming from v. Thus the total effect is that v' is attached one step 
counter-clockwise from i. 

The condition provided by Lemma 3.13 is also clear from the definition. (Note 
that the complicated terms don't have any effect on the parity of the vertex to 
which we connect v.) 

Bijectivity follows from bijectivity for ipD„/5 together with the fact that the two 
elements of a doubleton 6 orbit in NN(i3„) will be mapped to different noncrossing 
handshake configurations. □ 

3.3.4. Compatibility between Panyushev complementation and rotation. We will first 
prove that ipOr^/S expresses the compatibility between Panyushev complementation 
for NN(D„)/5 and rotation of Dn/5 noncrossing handshake configurations, and 
then we will prove the similar result for Vd„ • 

Proposition 3.15. For I G NN(£>„), we have that 

VD„/i(Pan(7)) = Krew(^z)„/5(/)). 

Proof We consider three cases separately. The first case is the case that / is in a 
singleton (5-orbit, in which case the result follows immediately from the analogous 
result for type C^-i. 

The second case is when 7 n i? ^ 0. 

Lemma 3.16. IflnR 0, then Pan(7) = Pan(7) and Vc„_i(Pan(7)) = Krew(V'c„_i(?)) = 
Krew(V'r,„/5(7)) 

Proof. The fact that Pan (7) = Pan (7) in this case follows from the definitions. The 
compatibility of Pan and Krew in type C implies that tpc„-i (Pan(7)) — Krew(^c„_i (7)). 

Finally, we wish to show that Krew(7/;c„_i (7)) = Krew('0£,^/5(7)). The result 
which has to be established is that the pair of innermost edges in Krew(^c'„_i(^)) 
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is the rotation of the innermost edges of V'c„_i(-^) • This is true because, in order 
for the innermost edges no longer to be innermost, they must no longer run between 
the two sides of the diagram. But this would then imply that there were no edges 
between H and H'^ in V'c^ j (Pan(/)), contrary to Lemma 3.11. □ 

We now consider the case that IC\R = %. In this case, in contrast to the previous 
one, the proof does not pass through the similar statement in type C. 

Let X = Pan(/). It is immediate from the definition of Panyushev complemen- 
tation that X \^ R = [n — l,n). By Lemma 3.11 it follows that '^c'^_j(X) has no 
edges from H to H'^. 

By the compatibility of Pan and Krew in type C, we have that 'tl)c^_T^{X) = 
Krew{il)Cn-i{I))- The innermost edges of ipc„-i{I) connecting H to Ef^, after rota- 
tion, no longer connect H to H'^. Thus, in iIjc^_i{X), those edges connect (n-|-l)(°^ 
to some z' in and (n — 2)^-'^^ to some (symmetrical) z in H. 

Lemma 3.17. (Pan(/)) can be obtained from V'C„_i(-'^) by removing the 

edges connected to {n + l)^°^ and (n — 2)^^) and replacing them by the other possible 
pair of symmetrical edges. 

Proof inR necessarily equals (n — 1, n). Let Y = Pan(/). There arc two possibili- 
ties for YnR: it equals either {(n — 2, n), (n— 1, n), (n — 1, n-hl)} or {(n — 1, n)}, de- 
pending on whether or not I has any entries on the (n— l)-th row (or equivalently the 
(n-l-l)-th column) . The corresponding values ofYflR are {{n — 2,n),{n—l,n + l)} 
and 0. 

Now consider applying V'c„_i to X and Y. Suppose first that we are in the case 

that F n J? = 0. This means that the (n — l)-th row is empty in I, so in I, both 

R and the row below R are empty. We have seen already that the fact that R is 
empty means that there are no edges between vertices numbered at most n — 1 and 
those numbered at least n. A similar argument shows that the absence of roots in 
the (n — l)-th row implies that the vertices numbered at most n — 2 arc connected 
to other vertices in that set. It follows that (n — l)'''' and (n — 1)'^-^' are connected 
in V'yian-aC-^)- By symmetry, n^^^ and n^^^ are also. 

In determining 'ipc„-ii^)j S^ts the label n — 1. In determining ^c„-i{Y), 
the label n — 1 goes to {n — lY^\ the symmetrically opposite vertex. We know that 
V'C„-i(^) has no edges connecting vertices < n — 1 with those > n, so the result of 
adding the n — 1-th edge is to complete the matchings among the vertices < n — 1. 
It follows that when we evaluate ^c„-ii^) instead, vertex n*^°^ will necessarily be 
connected to the same vertex as (n — 1)^^^ was in '0c„_i(^)- This means that, while 
and (n — 2)^^^ are connected in tpc^-iiX), we have that n^°^ and {n + l)^^^ are 
connected in Vc„_i(5^), establishing the claim. 

Now consider the case that Y'ni?={(n — 2,n),(n— l,n+l)}. In determining 
tpC„_i(Y), we have n'^"-' receives label n — 2 and (n + l)(°) receives label n~l. Since 
X and Y only differ inside R, we have that the n — 2-th column is empty in X, 
so (n — 2)^^) receives the n — 2 label; and we also have that n^°^ receives the label 
n- 1. 

Let us write b for the vertex joined in n^"^ in X , and a for the vertex joined 
in (n — 2)(^^ in X. Note that in X, there are no edges between H and H'^, so, 
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prior to the (n — 2)-th edge being drawn, the four available vertices in H are 
(n — 2)(^', a, 6, n^'^' (in clockwise order). 

Now consider what happens when we evaluate ipc^^iiX)- When adding the 
(n — 2)-th edge, we connect n^°^ to the next available vertex counter-clockwise from 
it, which is b. Next, we connect to (n + 1)^°^ the next available vertex counter- 
clockwise from it, which is a. 

The result is that n'^^ is attached to the same vertex in X and Y, but the vertex 
attached to (n + 1)^'^' in Y is attached to (n — 2)^^^ in X. This suffices to establish 
the claim. □ 

The final case of the proposition now follows, because the only edges between H 
and H'^ in V'c„-i a-re the new edges identified above, whose four end- vertices 

arc the result of rotating clockwise the four degree zero vertices of ip]j^/s{I). □ 

In order to show the compatibility between ij-)D.a ^md Panyushev complementa- 
tion, we must study the relationship between s{I) and s(Pan(/)). It is straightfor- 
ward to check that s{I) and ,s(Pan(/)) are the same iff / contains a root supported 
over vertex n — 2 but neither n — 1 nor n. This is equivalent to saying that I 
includes some root {j,n — 1) (i.e., a root on the row just below R). This can also 
be described in terms of ip£)^{I), as in the lemma below. 

Lemma 3.18. For I an A2n-?,-a,nt,icha,m, I contains a root {j,n — 1) iff i^D„{I) 
contains an edge joining n—1 to k with k in {{n — 3)''^\ . . . , l*^"'^-', l'"-*, . . . , (n — 2)'^"'}. 

Proof. If / has such a root, then the j-th edge which is added will be an edge joining 
n — 1 to such a k. (Since j < n — 2, at the j-th step, at least one of the vertices in 
{{n - 3)(i), . . . , (n - 2)(o)} will be available.) 

On the other hand, if contains such an edge with k = k^^\ the only 

possibility is that there was a root {j, n — 1) in /. If fc = fc^^^ then an edge from k 
could have been added at the k-th step, but this edge would not have been joining 
k^^^ to (n — 1)(°) as there would have been an available vertex with a smaller 
label. □ 

We say that a vertex is the clockwise end of an edge if the vertex is not degree 
zero, and the vertex to which it is attached is closer to it counter-clockwise than 
clockwise. 

Lemma 3.19. s(7) = s(Pan(/)) iff (n — 1)*^°^ is on the clockwise end of an edge in 

Proof. It follows from the previous lemma that s{I) = s(Pan(/)) iff (n — 1)^'^^ is 
attached to some k in {(n — 2i)^^\ . . . , (n — 2)^'^)} in tj)A2n^3(l)- 

Suppose (n— 1)^°^ is attached to some k in {(n— 3)^^\ . . . , (n— 2)'°)} in 4'A2„-3(I)- 
Observe that (n — 1)^'^^ cannot be degree zero in Vd„/i5(-^)) because the edge from 
(n — 1)*^*^^ to k is entirely within H. Therefore (n — l)^*^-* is on the clockwise end of 
its edge. 

Conversely, if (n — 1)^°' is on the clockwise end of an edge in i^D^/sil), either it 
is attached to k in {{n — 3)^^\ . . . , (n — 2)^")}, or else it is attached to (n — 1)^^^ In 
fact, though, it cannot be attached to {n — 1)*^^^ in ipD„/5- If it were the case that 
(n - 1)(°) and (n - l)(i) were attached in ^A2„-3(-^)) this edge would have been 
removed in Vd„/5(^)- Thus s{I) = s(Pan(7)). □ 
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Wc arc now ready to prove the following result: 

Lemma 3.20. For I e NN{Dn), we have that V'n„(Pan(/)) = Krew(-0z3„ (/)). 

Proof. By Proposition 3.15, we know that ■(/'£)^/5(Pan(J)) = Krew(f/'D„/5(/)). If / 
lies in a singleton J-orbit, this is sufficient. 

Now suppose / lies in a doubleton (5-orbit. By Proposition 3.15, we know that 
Krew(-0D^(/)) and ■i/'D„/<5(Pan(/)) differ, if at all, only in the way that the singleton 
vertices are connected. 

Let f be a singleton vertex in t/j]j^/s{I). We know that Krew(?,') is a singleton 
vertex in Pan(/). In suppose that v is connected to i. We then see that 

Krew{v) is connected to i + since the last two terms in the formula cancel each 
other out by Lemma 3.19. □ 

3.4. Exceptional types. As for noncrossing partitions in Section 2.5, the excep- 
tional types - as we consider only crystallographic reflection groups, this includes 
for now the dihedral group G2 - were verified using a computer. 

4. Parabolic induction in the classical types 

In this section, we define the notion of parabolic induction for a collection of 
maps from NN(W^) to Tw, for W a reflection group of classical type, and we show 
that the previously defined bijections tpw satisfy this notion of parabolic induction. 
Further, we show that they are uniquely characterized by this property together 
with their compatibility with Panyushev complementation and rotation. 

4.1. Type First, consider the case oi W = An-i. Pick i, with 1 < i < 
n — 1. Removing the node i from the Dynkin diagram, we obtain two Dynkin 
diagrams, of types and An-i-i. Given noncrossing handshake configurations 
U G T^i-i and V G 7A„_i_i, we can assemble them into a single noncrossing 
handshake configuration U * V of type A„_i, by adding i to the labels of the 
vertices of V. (In order for this to work if « = 1 or z = n — 1, we define the 
unique noncrossing handshake configuration associated to type Aq to consist of two 
vertices, numbered 1^*^^ and 1^"'^^ connected by an edge.) 

Suppose that / G NN(A„_i) does not have in its support. We can then write 
/ as a union of /i supported over a subset of ai, . . . , a,_i, and I2 supported over a 
subset of a;+i, . . . , q:„-i. 

We say that a collection of maps Fa„_i ■ NN(A„_i) — > Ta„-i satisfies parabolic 
induction if, whenever / G NN(A„_i) satisfies that the simple root at is not in the 
support of /, then 

Proposition 4.1. The maps ipAn^i satisfy parabolic induction. 

Proof. This is an immediate corollary of Proposition 3.3. □ 

4.2. Type C„. Similarly, if we remove a simple root ai from a C„ Dynkin diagram, 
we obtain a diagram of type and one of type Cn-i- For convenience, we use 
Ci as a pseudonym for Ai here. In particular, the noncrossing handshake configu- 
rations of type Ci are just the noncrossing handshake configurations of type Ai . By 
convention, the empty diagram is the unique noncrossing handshake configuration 
of type Co. 
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Given a noncrossing handshake configuration of type U G 7^i_i and V € Tc„_i, 
define U *V to consist of: 

• u, 

• V with its labels increased by i, 

• U with each label j replaced by 2n + 1 — j, and superscripts (0) and (1) 
interchanged. 

Again, if J e NN(C„) and Qj is not in the support of /, we can divide / into 
antichains 7i and l2- A collection of maps Fw ■ NN(VF) — > Tw for W of type 
A or C is said to satisfy parabolic induction if the collection Fa„ satisfies type A 
parabolic induction and for I € NN(C„), whenever ai is not in the support of I, 
we have 

FcM) = FA,_Ah) * Fc^_,{l2). 
We have the following corollary of the previous proposition: 

Corollary 4.2. The maps V'a„, V'c„ satisfy parabolic induction. 

4.3. Type £>„. If we remove a simple root ai from a Dynkin diagram of type 
Dn, for i ^ n — l,n (the two antennae), then we obtain a Dynkin diagram of 
type Ai-i and a Dynkin diagram of type Dn-i- Given two noncrossing handshake 
configurations U G Taj-i and V G Ton-i^ we write U*V for the diagram consisting 
of: 

• The diagram U, 

• The diagram V with its labels increased by i (including the central ones, 

where the increase is taken modulo 4), 

• The diagram U with label j replaced by 2n — 1 — j, and the superscripts 
(0) and (1) interchanged. 

(Wc let D2 refer to the reducible root system consisting of two orthogonal simple 
roots and their negatives, and let D3 = A3. We interpret "noncrossing handshake 
configuration of type for n = 2, 3, using the type D definition of noncrossing 
handshake configuration.) 

If we remove a simple root a, from a Dynkin diagram of type where i = n — 1 
or n, then we obtain a Dynkin diagram of type A„_i . We will define a pair of maps 
Indi : Ta„^i Td„, as follows. 

Ind„(C/) is defined to consist of the type A diagram, with vertices n^"' and n^^"^ 
moved to the center and renamed n and n + 1, together with the 180 degree rotation 
of this diagram. This is a type Z)„ noncrossing handshake configuration by Lemma 
3.13. 

Ind„_i(t/) is obtained by adding 2 to each of the labels of the central vertices 
ofInd„(;7). 

Again, if 1 < i < n — 2, and I S NN(D„) does not have in its support, we can 
define Ii G NN(Ai_i) and I2 G NN(_D„_i). If i = n — 1, n, and I does not have ai 
in its support, we can simply view / as an antichain in NN(A„_i). A collection of 
maps Fyy : NN(W^) — > Tw for W = An, Dn is said to satisiy parabolic induction 
if the collection Fj^^ satisfies type A parabolic induction, and: 

(i) for 1 < i < n — 2, if 7 G NN(Z)„) does not have ai in its support, then 
and 
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(ii) for i = n — 1, n, if / G NN(Z)„) does not have ai in its support, then 

FDjI)^lnd,{FA^_,{I)). 

Proposition 4.3. The maps tpDnJ ''pAn satisfy parabolic induction. 

Proof. Condition (i) follows as in the previous cases. For condition (ii), we divide 
into cases. 

/ € NN(I?„) has neither nor q;„_i in its support. In this case, / does not 
intersect R. The result in this case follows as in type C„_i. 

I e NN(D„) has exactly one of an,ctn-i in its support. In this case, I (1 R 
consists of either one root (n — 1, n) or two roots (j, n) and (n — 1, 2n — 1 — j). It 
follows that / n i? consists of either zero roots or one root. 

In the former case, in the type A2n-3 noncrossing handshake configuration as- 
sociated to J, there arc no edges from vertices with labels at most n — 1 to those 
with labels at least n. It follows that the innermost edges from H to H'^ are con- 
nected to n^^^ and to (n — and thus that in the Dn/S noncrossing handshake 
configuration, (n — 1)'-^'' is a singleton vertex. The other singleton vertex with label 
at most n—1, call it a, is the one that is connected to {n — 1)'^^ in the type A2n-3 
noncrossing handshake configuration. Now, suppose / is supported over a„_i, so 
s{I) = 0. We deduce that (n - is attached to n - (2n - 3) + 2(n - 1) = n 1. 
On the other hand, if / is supported over «„, (n — 1)^^) is attached to (n + l) + 2. 

Now consider the calculation of ipA„_i{I)- Up to the n — 1-th step, the same 
thing happens. At the n — 1-th step, there now is an entry in the n — 1 column 
(namely, (n — 1, n)), so we mark n^°^ with label n — 1, and thus on turn n—1, we 
connect n^^^ to the nearest available entry, which must be a, since it and (n — 1)^^^ 
arc the only unmatched vertices on the lefthand side. On the final step, we join 
n^i) and (n - We sec that ipD^il) = Ind„_s(/)(V'A„_i (/))• 

Next, consider the case that iCiR has one root in its support, say (i, 2n + 1 — i). 
Consider the calculation of 4>A2r^-3iI) and of tpAr,_i{I) in parallel. The same thing 
happens in both up to the i-th step. On the i-th step of the A„_i calculation, the 
label i goes onto the node n(°\ so we connect n^°^ to (n — l)'^"^ at this point, while 
for the A2n-3 calculation, we connect (2n -|- 1 — to (2n — i)^^\ Prom here on, 
the calculations run the same way up to and through the n — 1-th step. In both 
the calculations, there is no entry in the n — 1-th column, so we connect (n — 1)^^^ 
to some entry on the lefthand side. After this step, in the calculation of ?/'^2^_3(J), 
there are two remaining unmatched vertices whose labels are at most ri — 1. One 
of them is (n — 1)(°\ while we call the other one a. It follows that the four vertices 
in H which will eventually be matched to vertices in are, in clockwise order, 
the vertex attached to (n — l)^^-*, a, (n — l)*-*^-*, and (by symmetry) n^"^. The two 
innermost edges are therefore the ones attached to a and {n — lY^K It follows that 
we will connect a and (n — 1)^°^ to the internal vertices, and (n — l)*^"^^ will be 
connected to n if s(/) =0 and n + 2 if .s(/) = 1. 

On the n-th step of the (I) calculation, we connect n^^^ to the only available 

vertex, a. We therefore see that Ind„„s(/)('(/'^„_i (/)) = ^d„{I), as desired. □ 

4.4. Uniqueness of tp in the classical types. Finally, we show that parabolic 
induction determines tjj uniquely in the classical cases. In this section, we show 
that: 
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Theorem 4.4. The only collection of bijections Fw ■ NN(1/F) Tw, for W 
running over all classical irreducible reflection groups, that satisfy: 

(i) Fw o Pan = Krew o Fw , and 

(ii) classical parabolic induction, as defined previously, 
are the maps Fw = ijJw ■ 

Proof. We have already shown that the maps tpw do satisfy the two properties 
mentioned in the theorem; we need only show that these two properties are sufficient 
to characterize these functions uniquely. 

By property (i), it suffices to know that, for any Pan orbit in NN(VF), there 
is some antichain to which some parabolic induction applies. Expressed in those 
terms, it is not obvious that this is true. However, thanks to the bijections t/jw, it is 
sufficient to show that for any Krew orbit in Tw, there is a noncrossing handshake 
configuration which could have arisen by parabolic induction. This is quite clear. 
Let T be a noncrossing handshake configuration of type W . Pick some edge joining 
two external vertices. After applying a suitable power of Krew to T, the chosen 
edge connects i^*^^ to i^^K In type j4„_i, this implies that T comes from a parabolic 
induction Ai^i *Ai *^„_i, where at most one of these is zero. A completely similar 
approach works in type C or D, except in the case of D2, since in that case there 
is a Krew orbit with no edge connecting a pair of external vertices. However, it is 
easy to check that both the elements of that orbit arise via Ind. This completes 
the proof. □ 



In this section, we prove the Main Theorem. We will begin with the classical 
types. Let W he a. reflection group of classical type, and let L, i? be a bipartition 
of its simple roots. For each of the three classical families, we define a certain 
bijcction 4>[l.r) '■ Tw NC(T4^; c^c/j), which will be a mild variant of (f>w as 
defined in Section 2. Then we define a{L,R) ■ NN(W) — >• NC(VF, CiCfl) by setting 
ct{L,R){I) = <P{L,R)^w{I)- We then check that this bijection satisfies the properties 
demanded by the Main Theorem. 

Next, we show for any refiection group, classical or not, that a bijection satisfying 
the conditions of the Main Theorem is unique, if it exists. This completes the proof 
for the classical types. Our uniqueness result also gives us an explicitly computable 
condition to verify whether or not there exists a bijection satisfying the conditions 
of the Main Theorem for a given W, assuming that the bijections are known for all 
parabolic subgroups. This condition was verified by computer for the exceptional 
cases, thus establishing the result for all types. 

5.1. Type Let {si, . . . ,s„-i} with Sj = {i,i + 1) be the generators in type 

An-i, and let clCr be a bipartite Coxeter element. As mentioned in Remark 2, we 
can cyclically label the vortices of the noncrossing handshake configurations in Tn 
by the Coxeter element clCr. If si e L, the cycHc labelling for (j)(L,R) is given by 
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(5) 



2(0) , 2^^) , 4^°) , 4(1), . . . , 3^°) , 3(1), 1 




(6) 



l(i) ^ 3(0) ^ 3(1) ^ _ _ _ ^ 4(0) ^ 4(1) ^ 2(0) , 2^^' , 



A UNIFORM BIJECTION BETWEEN NN AND NC. 



25 



Theorem 5.1. The bijections 

aA„^,..(L..R) ■■ NN(A„_i)^NC(^„_i, clCk), 
aA„_i,(i?,L) : NN(A„_i)^NC(yl„^i, CflCi) 

satisfy the conditions in the Main Theorem in type A. 

Proof. We will only check the first statement; the proof of the second is identical. 
We must check the three properties of the Main Theorem. The initial condition is 
easily verified. The Pan = Krew condition follows from the facts that i/JAu-i °Pari = 
Krew o ^Ar,-i and 4'(l,r) ° Krew = Krew o 4'(^l,r)- 

As we have proved the parabolic recursion for in the previous section, 

it is left to prove the analogous statement for 4>[l,r)- Let T G 7^ be a non- 
crossing handshake configuration such that Ti = {i^^\i^^^ : 1 < i < k} and 
T2 = : k <i <n\ define submatchings of T with vertices being labelled 

as in Proposition 3.3. We have to show that 



(l>(L,R){T) 



(l>{Li,Ri)i'^i) '?^(i2,fl2)(^2) if Sfe G i? 
Sk <f>{Li,Ri)iTi) 9^(^2,1,2) (T2) if Sk G L, 



where Z/1/2 = L Ci S1/2 and R1/2 = i? D S1/2 with = {si, . . . , Sfc_i} and ^2 = 
{sfc+i, . . . , Sn-i}- This results in 4 different cases. 

Case 1: si € L,Sk G R. In this case, the labelling is as in (5) and k is even. The 
statement follows as the labelling of Ti is given by 

2("), 2(1), . . . , fcW, (fc - (fc - . . . , iW, 1(1), 

and the labelling of T2 is given by the remaining labels. These are exactly 
the labellings obtained as well for (p(Li,Ri){Ti) and <?i(i,2,fl2)(^2)- 
Case 2: si € L,Sk G L. In this case, the labelling is as in (5) and k is odd. The 
labelling of Ti is now given by 

2(o),2(i),...,(yfc + l)(o),fcW,...,l(°),lW, 

and the labelling of T2 is given by the remaining labels. It is a straightfor- 
ward check that this differs from the labelling for 4'(Li,Ri){Ti) and (p(R2,L2) (^2) 
by having the labels (/c + 1)(°) and fc(°) interchanged. This corresponds ex- 
actly to the additional factor Sk- 

The remaining two cases for si G i? are solved in the analogous way. □ 

5.2. Type C„. As above, the bipartite Coxeter elements in type C„ can be obtained 
from bipartite Coxeter elements in type ^2n-ii where —i and 2n+l—i are identified. 
The bijection in type C then follows as a simple corollary from the construction in 
type A. 

Corollary 5.2. The bijections 

acUL,R) ■■ NN(C„)^NC(C„, CiCfl), 
ac„,(R,L) : NN(C„)^NC(C„, CflCi) 

satisfy the conditions in the Main Theorem in type C. 
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5.3. Type D. Exactly the same argument as in type An-i applies to the bipar- 
tite Coxeter elements in type Dn- Those are obtained from the bipartite Coxeter 
element in type An-\ by adding s„ = (n — 1, —n) to L if n is even and to i? if n 
is odd. E.g., in type D4, we obtain the cyclic labelling on the outer circle for clcr 
given by 

2(0)^ 2(1), -3(0), -3(1), -l(o), -2(0), -2(^\3(°\3W, 

and the inner circle labelling by 4'-"\4(^', — 4^"^ — 4^^^ The labellings for crCl are 
again given by reflecting the labels at the diagonal through l^^^. 

Corollary 5.3. The bijections 

aD„,{L,R) ■■ NN(Z?„)^NC(i?„,CLCR), 

ctDUR,L) ■■ NN(i?„)^NC(£'„, CflCL) 
satisfy the conditions in the Main Theorem in type D. 

Proof. The proof follows the same lines as the proof in type A, with the additional 

check for the cases in which s„-i or s„ are not contained in the support of an 
antichain / G NN(D„). Using Theorem 4.4 in type D„, this check is straightfor- 
ward. □ 

5.4. Uniqueness. We now establish uniqueness of the bijections satisfying the 

conditions of the Main Theorem. For / which has less than full support, 
is determined by parabolic induction. By Pan — Krew, there is likewise no choice for 
Oi{L,R){J) for any J in the Pan-orbit of /. We saw in the classical types, in the proof 
of Theorem 4.4, that every Pan-orbit in NN(VF) contains an antichain which does 
not have full support. This fact can also easily be checked (by computer) for the 
exceptional types. Therefore, there is at most one Q!(i^/{) satisfying the conditions 
of the Main Theorem. 

5.5. Exceptional types. The argument above for uniqueness, actually proves 
more: it essentially gives a candidate bijection. Suppose that bijections as in the 
Main Theorem have already been defined for all proper parabolic subgroups of W. 
For each Pan-orbit O in NN(VF), pick an antichain lo £ O which does not have full 
support, and define Q;(i_/f) (/o) by parabolic induction. Now extend the definition 
of to all of O by Pan = Krew. We now have a candidate for a map satisfying 
the Main Theorem's condition and, as in the imiquencss argument above, if there is 
any map satisfying the conditions of the Main Theorem for \V, it must be this one. 
The fact that this map really is a bijection satisfying all three of the properties of 
the Main Theorem can now be verified by computer (and has been verified) in the 
exceptional types. This completes the proof of the Main Theorem. 

6. A PROOF OF THE PANYUSHEV CONJECTURES 

In this final section of the paper, we will use combinatorial results described in 
the previous sections to prove the Panyushev conjectures. The first proposition 
follows directly from the uniform description of the bijection. 

Proposition 6.1. Part (i) of the Panyushev conjectures holds: Pan^'' is the identity 

map on NN(VK). 



Proof. This follows from the connection to the Kreweras complementation and the 
fact that Krew^'' is the identity map on NC(W"). □ 
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For all remaining proofs, we use the eornbinatorics obtained for the classical 
types, and computer checks for the exceptionals. To prove (ii) of the Panyushev 
conjectures, it remains to show that Krew'' acts on NN(W^) by the involution in- 
duced by —Wo- Thus, we have two cases, depending on how — wq acts on Dynkin 
diagrams: 

(iia) Krew'' acts trivially on $ in type C„, D2n, Ej, and Eg- 

(iib) In the remaining types An-i, D2n+i, and Eq, the action of Krew'' is induced 
by the involution on the Dynkin diagram (called 6 in types A and D). 

Proof of part (ii) of the Panyushev conjectures. In types A and C, (iia) and (iib) 
follow from the symmetry property of noncrossing handshake configurations (see 
Lemma 3.5). In type D, (iia) and (iib) follow from the facts that rotating a type 
Dn/d noncrossing handshake configuration by 2(n — 1) steps yields the same con- 
figuration, but to obtain the same £)„ noncrossing handshake configuration, it is 
also necessary to ensure that the number of rotations applied yields a half-turn of 
the 4 inner vertices. Type Eq was checked with a computer. The statements for 
the remaining exceptional types can be verified using the orbit lengths found in 
Section 2.5. □ 

Proof of part (Hi) of the Panyushev conjectures. First we consider type Pick 
a noncrossing handshake configuration X, and consider X, Krew(X), . . . , Krew^"~^(X). 
Each edge e in X appears (rotated) in each of these noncrossing handshake configu- 
rations, and we see that some endpoint of e is labelled with (0) and marked in n — 1 
of these noncrossing handshake configurations. In a given noncrossing handshake 
configuration, the number of vertices labelled with (0) and marked is exactly the 
number of positive roots in the corresponding antichain, so we see that the total 
number of positive roots in the antichains corresponding to these 2n noncrossing 
handshake configurations is n — 1 times the number of edges, which is n. It fol- 
lows that the average number of positive roots in the corresponding Pan orbit is 
(n-l)/2. 

The easiest way to prove the result for type C„ is the following: it is straightfor- 
ward to check that every second antichain in a Panyushev orbit contains a positive 
root of the form («,«). As type Ain-\ folds to the type C„, the total number of 
antichains in an orbit in type C„ is given by 

^g^+2n _ n 
4n ~ 2' 

Here, the nominator contains 4n which is the orbit size (without symmetry) 
times the average number of elements in the orbit in type A2„_i, the division by 
2 comes from the folding, and the correction term 2n comes from the centered 
element in every other orbit which is not folded. The 4n in the denominator is 
again the size of the orbit. (If we have a A;-fold symmetry, all three pieces obtain a 
factor of 1/fc.) This completes the proof in type C. 

In type D, the situation is again a little more involved. We will work in terms of 
Dn/5 configurations. There are two different cases, based on whether or not there 
are four isolated vertices on the outside. 

Suppose first that there are not. Each such D„ antichain corresponds to a C„_i 
antichain, and the Panyushev map respects this folding action. Thus, a Panyushev 
orbit of such £)„ antichains corresponds to a Panyushev orbit of C„_i antichains; 
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the average number of roots present in these Cn-i antiehains is (n — l)/2. The 
Dn antichain / corresponding to a C„_i antichain /' is just the inverse image of I' 
under the folding map from to $c„_i- The number of elements in / equals the 
number of elements in I', plus the number of elements in I' whose inverse image 
consists of two roots; there will be either one or zero such roots in /'. We observe 
that there is such a root in /' iff n^^^ is marked. As we rotate tpc„-i{]^') through a 
full rotation, each edge of the configuration is connected to vertex n^^^ twice, once 
at each of its endpoints, and it is easy to see that once we will have n^°^ marked, 
while once it will be unmarked. Thus, the average effect of passing from /' to / is 
to add ^ to the size of the antiehains, resulting in an average size of n/2 as desired. 

Now suppose that there are four isolated vertices in We consider first 

the average size of / (which, we recall, is an antichain of type ^2n-3)- Recall that, 

as we consider fpA2n-3 (-^)) V'A2„_3 (Pan(-'^))j ■ ■ ■ , the effect is to rotate the noncrossing 
handshake configuration except that there is one pair of edges which, at a certain 
point, gets switched, and then eventually switches back; in a full rotation (4n — 4 
steps) this happens twice. 

Consider first an edge which is not involved in the switching. It contributes a 
marked vertex 2n — 3 times (out of the 4n — 4 rotations). Now consider the pair of 
edges that are involved in the switching. One verifies directly that they contribute, 

together, 4n — 8 marked vertices. The average size of the antiehains /, Pan(/), etc., 
is [{2n - 4)(2n - 3) + (4n - 8)]/(4n - 4) = {in^ - lOn + 4)/(4n - 4). 

We next consider the average size of the sets /, Pan(/), etc. Each of these 

contains one more root than the corresponding antichain /, Pan(/), etc., so the 
average size of these sets is (4n^ — 6n)/(4n — 4). 

Next we consider the relationship between the size of / and the size of I. The 
size of / is |/|/2, plus a correction of | if / has an element on the central diagonal. 
Over 4n — 4 rotations, the correction will appear 2n times (i.e. two more than 

half the time). The reason for this is that, if / is such that / and Pan(/) differ 

by a switch of the edges, then neither of them will have an element on the central 
diagonal. We see this because of the fact that the switching edges are the most 
internal among those connecting H to in tpA2n-3{I)- Now I has no element on 
the central diagonal iff / does have an element on the central diagonal. 

It follows that the number of elements in an antichain, averaged over a Pan-orbit, 
is (4n2-4n)/(8n-8) =n/2. □ 

Acknowledgements 

The authors would like to thank Christian Krattenthaler and Vic Reiner for 
helpful discussions. 

The Main Theorem was verified in the exceptional types with the help of J. Stem- 
bridge's coxeter and posets packages for Maple. 

The orbit sizes for the Kreweras and the Panyushev complements were calculated 
using SAGE [22]. 

During the time that he worked on this paper, D.A. was supported by NSF 
Postdoctoral Fellowship DMS-0603567 and NSF grant DMS-1001825. 

C.S. was supported by a CRM-ISM postdoctoral fellowship. He would like to 
thank the Fields Institute for its hospitality during the time he was working on this 
paper. 



A UNIFORM BIJECTION BETWEEN NN AND NC. 



29 



H.T. was supported by an NSERC Discovery Grant. He would like to thank the 
Norgos tcknisk-naturvitenskapelige universitet and the Fields Institute for their 
hospitality during the time he was working on this paper. 

References 

1. D. Armstrong, Generalized noncrossing partitions and combinatorics of Coxeter groups, Mem. 
Amer. Math. Soc. 202 (2006), no. 949. 

2. C.A. Athanasiadis, Generalized Catalan numbers, Weyl groups and arrangements of hyper- 
planes, Bull. London Math. Soc. 36 (2004), 294-302. 

3. C.A. Athanasiadis and V. Reiner, Noncrossing partitions for the group Dn, SIAM J. Discrete 
Math. 18 (2004), 397-417. 

4. Y. Bcrcst, P. Etingof, and V. Ginzburg, Finite dimensional representations of rational Chered- 
nik algebras. Int. Math. Res. Not. 19 (2003), 1053-1088. 

5. O. Bernardi, Bijective counting of tree-rooted maps and shuffles of parenthesis systems. Elec- 
tron. J. Combin. 14 (2007), no. 1, R9. 

6. D. Bessis and V. Reiner, Cyclic sieving of noncrossing partitions for complex reflection groups, 
preprint, available at arXiv:math/0701792vl (2007). 

7. P. Cellini and P. Papi, ad-nilpotent ideals of a Borel subalgebra II, J. Algebra 258 (2002), 
112-121. 

8. W.Y.C. Chen, E.Y.P. Deng, R.R.X. Du, R.P. Stanley, and C.H. Yan, Crossings and nestings 
of matching s and partitions. Trans. Amcr. Math. Soc. 359 (2007), no. 4, 1.5-5.5-1-57-5. 

9. S.-P. Eu and T.-S. Fu, The cyclic sieving phenomenon for faces of generalized cluster com- 
plexes. Adv. in Appl. Math. 40 (2008), no. 3, 350-376. 

10. A. Fink and B.I. Giraldo, A bijection between noncrossing and nonnesting partitions for 
classical reflection groups. Proceedings of the 21st International Conference on Formal Power 
Series and Algebraic Combinatorics, DMTCS (2009), 399-412. 

11. J. Fiirlinger and J. Hofbauer, q-Catalan numbers, J. Combin. Theory Ser. A 40 (1985), no. 2, 
248-264. 

12. M. Haiman, Conjectures on the quotient ring by diagonal invariants, J. Algebraic Combin. 3 
(1994), 17-76. 

13. C.E. Heitsch, Combinatorics on plane trees, motivated by RNA secondary structure configu- 
rations, preprint. 

14. , Kreweras complementation and orbits in Catalan lattices, preprint. 

15. C. Krattenthaler, Non-crossing partitions on an annulus, in preparation. 

16. C. Krattenthaler and T.W. Miiller, Cyclic sieving for generalised non-crossing partitions asso- 
ciated to complex reflection groups of exceptional type, preprint, available at arXiv: 1001 .0028 
(2010). 

17. G. Kreweras, Sur les partitions non-croisees d'un cycle. Discrete Math. 1 (1972), 333-350. 

18. D.I. Panyushcv, On orbits of antichains of positive roots, European J. Combin. 30 (2009), 
no. 2, 586-594. 

19. V. Reiner, Non-crossing partitions for classical reflection groups. Discrete Math. 177 (1997), 
195-222. 

20. V. Reiner, D. Stanton, and D. White, The cyclic sieving phenomenon, J. Combin. Theory 
Ser. A 108 (2004), 17-50. 

21. M. Rubey and C. Stump, Crossings and nestings in set partitions of classical types. Electron. 
J. Combin. 17 (2010), no. 1, R120. 

22. W.A. Stein et al.. Sage Mathematics Software (Version 4-^)^ The Sage Development Team, 
2011, http://www.sagemath.org. 

Department of Mathematics, University of Miami, Coral Gables, FL, 33146 
E-mail address: armstrong9math.umiaml.edu 

LaCIM, Universite du Quebec a Montreal, Montreal (Quebec), Canada 
E-mail address: christian. stumpSunivie.ac. at 

Department of Mathematics and Statistics, University of New Brunswick, Freder- 
ICTON NB, E3B 5 A3 

E-mail address: hthomasSunb . ca 



